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KNOT CABLING AND THE DEGREE OF THE COLORED JONES 

POLYNOMIAL 

EFSTRATIA KALFAGIANNI AND ANH T. TRAN 


Abstract. We study the behavior of the degree of the colored Jones polynomial and the 
boundary slopes of knots under the operation of cabling. We show that, under certain 
hypothesis on this degree, if a knot K satisfies the Slope Conjecture then a ( p , q)-cable of 
K satisfies the conjecture, provided that p/q is not a Jones slope of K. As an application 
we prove the Slope Conjecture for iterated cables of adequate knots and for iterated 
torus knots. Furthermore we show that, for these knots, the degree of the colored Jones 
polynomial also determines the topology of a surface that satisfies the Slope Conjecture. 
We also state a conjecture suggesting a topological interpretation of the linear terms of 
the degree of the colored Jones polynomial (Conjecture 15.111 . and we prove it for the 
following classes of knots: iterated torus knots and iterated cables of adequate knots, 
iterated cables of several non-alternating knots with up to nine crossings, pretzel knots 
of type (—2, 3,p) and their cables, and two-fusion knots. 
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1. Introduction 

1.1. The Slope Conjecture. For a knot K C S 3 , let n{K ) denote a tubular neighbor¬ 
hood of K and let Mk '■= 5 3 \ n(K) denote the exterior of K. Let (/a, A) be the canonical 
meridian-longitude basis of H\(dn(K)). An element a/b £ QU {1/0} is called a boundary 
slope of K if there is a properly embedded essential surface (S, dS ) C ( Mk , dn(K)), such 
that dS represents apt + bX £ Hi(dn(K)). Hatcher showed that every knot K C S' 3 has 
finitely many boundary slopes m ■ We will use bsx to denote the set of boundary slopes 
of K. 

For a positive integer n, let Jx(ra) € Zfu * 1 * 11 / 2 ] be the n-th colored Jones polynomial of 
K with framing 0 mm, normalized so that 

v n / 2 _ v ~n /2 

-AinknotW = 

Here v = A~ 4 , where A is the variable in the Kauffman bracket m- 

For a sequence {x n }, let {i„}' denote the set of its cluster points. Let d + [Jf<(n)\ denote 
the highest degree of Jx(n) in v, and let d_[Jft-(n)] denote the lowest degree. Elements of 
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the sets 

jsK '■= {^n~ 2 d + [JK{n)}}' and js* K := {4n~ 2 d-[J K (n)\}' 
are called Jones slopes of K. Garoufalidis [9] showed that every knot has finitely many 
Jones slopes. Furthermore, he formulated the following conjecture and he verified it for 
alternating knots, non-alternating knots with up to nine crossings, torus knots, and for 
the family (—2,3 ,p) of 3-string pretzel knots [ID]. 

Conjecture 1.1 (Slope Conjecture). For every knot K C S 3 we have 

(jSK U js* K ) C bs K - 

Futer, Kalfagianni and Purcell [4] verified the conjecture for adequate knots (see Defi¬ 
nition [375] for terminology). The works of Garoufalidis and Dunfield [3j and Garoufalidis 
and van der Veen mi verified the conjecture for a certain 2-paranreter family of closed 
3-braids, called 2-fusion knots. More recently, Lee and van der Veen [23] have proved the 
conjecture for several more 3-string pretzel knots. 

In this paper we study the behavior of the boundary slopes and the Jones slopes of 
knots under the operation of cabling and prove the Slope Conjecture for cables of several 
classes of knots. We also formulate, and verify for several classes of knots, conjectures 
providing topological interpretations of the linear terms of the degree of the colored Jones 
polynomial (Conjectures 11.61 and 15. IT) . To state our results we need some preparation. 

1.2. Cable knots. Suppose K is a knot with framing 0, and p,q are coprime integers. 
The (p, </)-cable K Ptq of K is the 0-framed satellite of K with pattern (p, g)-torus knot (see 
Section [2] for more details). In the statements of results below, and throughout the paper, 
we will assume that our cables are non-trivial in the sense that |g| > 1. 

Theorem 1.2. For every knot K C S 3 and ( p,q ) coprime integers we have 

(q 2 bs K U {; pq }) C bs Kpiq - 

To continue, we recall that for any knot K C S 3 the degrees d + [Jif(n)] and d_[Jj^(n)] 
are quadratic quasi-polynomials in n [9]. This implies that their coefficients are periodic 
functions N —> Q. The common period of d+[J^(n)] and cL[J^(n)] is called the period of 
K, denoted by n(K). 

In this paper we are concerned with the Jones slopes for knots with n(K) < 2 and 
for knots where the leading coefficient of <i + [Jk{ti)\ becomes constant for n large enough. 
We show that the Jones slopes of these knots behave similarly to boundary slopes under 
cabling operations (Propositions [3721 and ITTIi . In particular, for knots with period at most 
two, combining our results about Jones slopes with Theorem 11.21 we obtain the following. 

Theorem 1.3. Let K be a knot such that, for 0, 

d + [JK{n)] = a{n)n 2 + b{n)n + d(n) and [«/&■(«)] = a*(n)n 2 + b*(n)n + d*(n) 

are quadratic quasi-polynomials of period < 2, with b(n ) < 0 and b*(n ) > 0. Suppose 
| ^ jsK- Then, we have 

js Kpiq C ( q 2 js K U {pq/ 4}) and js* Kp q C (q 2 js* K U {pq/ 4}). 

Furthermore, if (js K U js* K ) C bs K we have {js Kp , q U js* Kp q ) C bs Kp , q - 
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The proof of Theorem 11.31 reveals that the properties that b(n) < 0 and b*(n) > 0 are 
preserved under cabling. We conjecture that these properties hold for all knots, and that 
b{n ) and b*(n) detect the presence of essential annuli in the knot complement. This is 
stated in Conjecture 15.11 which we have verified for all the knots for which the degrees 
d + [JK{n)\ and d^[Jx(n)\ are known. 

Note that since we take \q\ > 1, the hypothesis that p/q is not a Jones slope of K 
will automatically be satisfied for knots that have all of their Jones slopes integers. A 
large class of knots with integer Jones slopes is the class of adequate knots, which includes 
alternating knots, Montesinos knots of length at least four, pretzel knots with at least four 
strings and Conway sums of strongly alternating tangles. The class of semi-adequate knots 
(knots that are A- or U-adequate) is much broader including all but a handful of prime 
knots up to 12 crossings, all Montesinos and pretzel knots, positive knots, torus knots, 
and closed 3-braids. The reader is referred to Section 3 below for the precise definition 
(Definition 13.51) and to [6, j5J S EE2] and references therein for more details and examples 
of semi-adequate knots. 

Theorem 1.4. Let K be a knot and let K' be an iterated cable knot of K. 

(1) If K is a B-adequate knot, then jsk' C bsK>- 

(2) If K is an A-adequate knot, then js* K , C bsx'- 

Hence, if K is an adequate knot then K' satisfies the Slope Conjecture. 

An iterated torus knot is an iterated cable of the trivial knot. As a corollary of Theorem 
o we have the following. 


Corollary 1.5. Iterated torus knots satisfy the Slope Conjecture. 


Theorem ll.3l also applies to several non-alternating prime knots with up to nine crossings 
(see Corollary 13.101) . We should mention that Motegi-Takata [26] used Theorem 11.31 to 
generalize Corollary 11.51 to all knots of zero Gromov norm (graph knots). 

The proofs of Theorems 11.21 and 11.31 reveal that there is a remarkable similarity in the 
behaviors, under cabling, of the linear terms of d + [Jx(re)] and d_[J^(n)] and the Euler 
characteristic of the essential surfaces “selected” by the Slope Conjecture. We conjecture 
that the cluster points of the sets {26^-(n)} and { 26 ^( 77 .)} contain information about 
the topology of essential surfaces that satisfy the Slope Conjecture for K. To state the 
conjecture, let £d + [Jx(n)\ denote the linear term of d + [Jx(n)\ and let 

jx K ■= {2 n~ l £d + [J K {nj\}' = {2 b K (n)}'. 


Conjecture 1.6 (Strong Slope Conjecture). Let K be a knot and a/b £ jsx, with b > 0 
and gcd(a, 6) = 1, a Jones slope of K. Then there is an essential surface S C Mk, with 
|<9Sj boundary components, and such that each component of dS has slope a/b and 


X(S) 

|0S|& 


£ jx K - 


Coniecture ll.Gl implies a similar statement for {2 b* K [ri)}' since it is know that [Jk{p)\ = 
d+[Jx(n)\, where K* denotes the mirror image of K. An immediate corollary of Theorem 
13.91 is the following: 
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Corollary 1.7. Iterated cables of adequate knots satisfy the Strong Slope Conjecture. In 
particular, iterated torus knots satisfy the Strong Slope Conjecture. 

We also prove Conjecture 11.61 for pretzel knots of type (—2,3,p) and all Montesinos 
knots with up to nine crossings (see Section 5). 

1.3. Organization. The paper is organized as follows. In Section 2 we study boundary 
slopes of cable knots and we prove Theorem 11.21 In Sections 3 and 4 we study the behavior 
of the degree of the colored Jones polynomial under knot cabling. In particular, we discuss 
cables of knots of period at most two and we prove Theorem 11.31 In fact, the proof of this 
theorem allows us to describe explicitly how the Jones slopes of the cable knot K Ptq are 
related to those of the original knot K. We apply our results on knots of period at most 
two to adequate knots to prove Theorem 11.41 In Section 5 we state, and partially verify, 
some conjectures about the degree of the colored Jones polynomial. Finally in Section 6 
we verify Conjecture 15.II for two-fusion knots. 

2. Boundary Slopes of Cable Knots 

In this section we study how the boundary slopes of knots in S 3 affect the boundary 
slopes of their cables. The main result is Theorem 12.21 that implies in particular Theorem 
[L2l stated in the Introduction. Theorem 12.21 and Corollary 12.81 are key ingredients in the 
proofs of the results of the paper concerning relations of the colored Jones polynomial to 
essential surfaces. 

2.1. Preliminaries and statement of main result. Let V be a standardly embedded 
solid torus in S 3 and let V' C V a second standard solid torus that is concentric to V. On 
dV' we choose a pair of meridian and canonical longitude (which also determines such a 
pair on dV). For coprime integers p,q, let T p , q C dV' be a simple closed curve of slope 
p/q ; that is a (p,q)- torus knot. 

Recall that for a knot K , n(K ) denotes a neighborhood of K. Embed V in S 3 by a 
homeomorphism / : V —> n(K) that preserves the canonical longitudes. The (p. (/)-cable 
of K is the image K PA := f(T P)q ). The space C p , q := f(V \n(T p , q )) is called a ( p,q )- 
cable space. The complement of K P) q, denoted by Mx pq , is obtained from the complement 
of K by attaching C p _ q . The space C Ptq has two boundary components; the inner one 
T_ = f(dn(T Ptq )) = dM Kpq and the outer one T + = f(dV) = dMx- 

Definition 2.1. For a knot K C S 3 , let (//, A) be the canonical meridian-longitude basis 
of H\(dn{K)). For a pair of integers ( a,b), the ratio a/b € QU{l/0} is called a boundary 
slope of K if there is a properly embedded essential surface (S,dS) C (. Mx,dn(K )), such 
that dS represents ap + 6A £ H\{dn{K)). 

In Definition 12.11 a, b do not need to be coprime. In fact if d = gcd(a, b ) then we have 
a surface S as above with d boundary components. To stress this point sometimes we will 
say that the total slope of dS is a/b. Recall that every knot K has finitely many boundary 
slopes and that bsx denotes the set of boundary slopes of K. The rest of the section is 
devoted to the proof of the following theorem. 
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Theorem 2.2. (a) Let K C S 3 be a non-trivial knot and ( p,q ) coprime integers. If a/b 
is a boundary slope of K, then q 2 a/b is a boundary slope of K P:q . 

(b) For every knot K C S 3 and ( p,q ) coprime integers, we have 

(q 2 bs K U {; pq }) C bs Kp , q - 

The reader is referred to on ni] for basic definitions and terminology. Let (p, q) be 
coprime integers. The cable space C p ^ q is a Seifert fibered manifold over an annulus B, 
with one singular fiber of multiplicity q. In C p>q there is an essential annulus A, that is 
vertical with respect to the fibration, with dA C T_ and with boundary slope equal to pq ; 
this annulus is the cabling annulus. There are two additional essential annuli in C p>q . One 
with both boundary components on T_, each with slope p/q. The other annulus A' has 
one component of dA' on T_ with slope pq, and the second component of dA' on T + with 
slope p/q. See [13] . In particular, we have the following. 

Lemma 2.3. For any cable knot K Ptq , s = pq is a boundary slope in Mk p ^- 

Recall that a properly embedded surface S' in a 3-manifold M with boundary, is essential 
if the map on tt\ induced by inclusion is injective. If S is orientable this is equivalent to 
saying that S is incompressible and d-incompressible in M. If S is non-orientable, then 
S being essential is equivalent to saying that the surface S := d(S x I) is incompressible 
and (9-incompressible in M. 

We need the following lemma, a proof of which is given, for example, in m Proposition 
1 . 1 ], 

Lemma 2.4. Let M be a knot complement in S 3 and let X be a properly embedded essential 
surface in M. Suppose that a path a C X that has its endpoints on dT, is homotopic relative 
endpoints in M to a path in dM. Then a is homotopic relative endpoints in X to a path 
in <9X. 

The complement Mr- p q of the cable knot K P:Q is obtained by gluing C Ptq and the com¬ 
plement of K along the torus T+. If K is a non-trivial knot, then the torus T + is essential 
in Mk p that is a companion of K p ^ q . 

We will use Mk p ^\\T+ to denote the 3-manifold obtained by splitting Mx p , q along T + . 
Also given a properly embedded surface S in Mk p q we will use S\\T + to denote the image 
of 5 in M Kpq \\T + . 

Lemma 2.5. Let K C S 3 be a non-trivial knot and ( p , q) coprime integers. Let S be a 
properly embedded surface in Mx P}q ■ Suppose that each component of S\\T + is essential 
in the component o/Ma' P 9 \\T+ it lies in. Then S is essential in Mk p , 9 - 

Proof. Since S may be non-orientable we will work with the orientable double S = d(S x 1). 
By way of contradiction, suppose that S is not 7Ti-injective. This means that S is either 
compressible or cbcompressible. Since dMx p q consists of tori, incompressibility implies 
d- incompressibility M- Thus we may assume that there is a compression disk (E, dE ) C 
(Mx P}q , S). Since each component of S\\T + is incompressible, the intersection E fl T + 
must be non-empty. Since T + is essential (and thus incompressible in Mx pq ) we may 
eliminate the closed components of E n T + . Thus we may assume that each component 
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of E fl T + is an arc properly embedded in E. By further isotopy of E, during which dE 
moves on S, we may assume that the intersection E fl T+ is minimal. Now let a be a 
component of if fl T + that is outermost on if: It cuts off a disc E' C if whose interior 
contains no further intersections with T + . Now dE' consists of a and an arc /3 that is 
properly embedded on a component, say X, of S\\T + . We can use disk E' to isotope /3, 
relatively d/3, on T + ; this isotopy takes place in Mk p ^\\T + . Since X is essential in the 
component of Mk p ^\\T + it lies in, we conclude that the arc (3 may be isotopied on X, 
relatively <9/3, to an arc on <9X. This follows from Lemma [2.41 But this isotopy will reduce 
the components of the intersection if PI T+, contradicting our assumption of minimality. 
Thus S must be incompressible and therefore, by above discussion, essential in Mk p ■ XI 

2.2. Boundary slopes and homology of cable spaces. A slope s on a torus T is the 
isotopy class of a simple closed curve on T. Let S(T) denote the set of slopes of T. The 
elements in S(T) are represented by elements of Q U {1/0}. With this in mind we will 
often refer to a slope by its corresponding numerical value. A homology class in H\{T,Z) 
is called primitive if it is not a non-trivial integer multiple of another element in H\(T, Z). 
There is a 2-1 correspondence between primitive classes in H\(T, Z) and elements in S(T), 
where a,/3 £ H\(T,Z) give the same slope if and only iff a = ±/3. 

Next we need the following lemma. 

Lemma 2.6. Consider a cable knot complement Mk p q = C Pjq U Mk as above. Let s £ 
<S(T_) be a slope on T_ of C Ptq , corresponding to a/b £ Q U {1/0}. Suppose that in C p/1 
we have a properly embedded, connected, essential surface F such that: 

(1) The boundary dF intersects both of T_ and T + . 

(2) Each component of dF on T_ has slope s. 

(3) The total slope of dF n T + is a boundary slope in Mk- 
Then a/b is a boundary slope in Mf< pq . 

Proof. Suppose that the total slope of dF fl T + corresponds to c/d £ Q U {1/0}. Let E 
be a essential surface in Mk with dE having total slope c/d. By passing to the doubles if 
necessary, we may assume that E and F are orientable. Let x and y denote the number 
of components of dF and dE on T+, respectively. In C PA consider a surface F' that is y 
copies of F and in Mk consider a surface E' that is x copies of E. Each of dE' and dF' 
has xy components on T+. After isotopy on T + we may assume that dE’ = dF'. Now 
S = E' U F' is a properly embedded surface in Mk p . By assumption, each component 
of S\\T + is essential in the component of Mk p \\T+ it lies in. Thus by Lemma [2751 S is 
essential in Mk p . □ 

The following lemma should be compared with m Lemma 2.3]. 

Lemma 2.7. Let C p _ q be a cable space with dC = T_ UT + as above. Let <S_ and 5+ denote 
the set of slopes on T_ and T + respectively. There is a bijection 

<t > : S- —> S + , 

such that for every s £ S- there is a connected, essential properly embedded surface F C 
C PtQ , intersecting both components of dC P)q , and such that each component dF fl T_ has 
slope s while each component of dF fl T + has slope (j>(s). 
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Proof. To simplify our notation, throughout this proof, we will use X := C Pjq . Identify 
Hi(dX;Q) with H\ (T_ ;Q) (B Hi (T+; Q). 

We claim that the maps i± : Hi(T±;Q) —> Hi(X;Q), induced by the inclusions of 
T± in X are isomorphisms. To see that z_ is an isomorphism consider the solid torus 
X U n(Tp tq ), and apply the Mayer-Vietoris long exact sequence to this decomposition. To 
see that i .|_ is an isomorphism decompose X into a fibered solid torus and an /-bundle 
T + x I along a vertical annulus and again apply the Mayer-Vietoris long exact sequence. 

The fact that i± are isomorphisms implies the following: Given a primitive class a_ £ 
Z/i(T_;Z) C i/i(T_;Q) there is a unique primitive class a + £ i/i(T + ;Z) C Hi(T + ;Q) so 
that 

( 1 ) a + = r^ 1 oL(a_), for some r £ Q. 

As discussed above, a slope s £ <S± determines a primitive class a± £ H\ (T±; Z) up to 
sign. Given s £ S~, determining a primitive element £ i/i(T_,Z) up to sign, dehne 
<f>(s) to be the slope in S+ that describes the class a + £ Hi(T + , Z) defined in equation (P). 
This clearly defines a bijection. 

By above discussion, there are relatively prime integers m, n such that 

mi-(a-) + ni+(a+) = 0 . 

Thus the element ma—+na+ is in the kernel of the map ?'_©i + : H\(dX ; Z) —> H i(A; Z). 
Looking at the homology long exact sequence for the pair (V, dX ), we conclude that there 
is a class A £ Hi(X, dX\lf) such that d(A ) = ma_ + under the boundary map 
d : Hi(X,dX',h) —> H\{dX\'L). Now 3-manifold theory assures that there is a 2-sided, 
embedded, essential surface S that represents A [T 6 l. Lemma 6 . 6 ]. That is [S'] = A. By 
construction, each component of dS fl T_ has slope s while each component of dS n T + 
has slope 0 (s). 

Now S may not be connected. However since S represents A, we have d(A) = ma- + 
na+ ^ 0. There must be a component F C S such that <9([T]) 0. We claim that F must 

intersect both components of dX. For, suppose that it doesn’t intersect one component 
of dX ; say F n T + = 0. Then the class <9([i ? ]) 7 / 0 would be a non-zero multiple of 
ce_ £ H i(<9X;Z). But this is impossible, since i_(a_) has infinite order in H i(V;Z). 
Thus F n T± 7 / 0. To finish the proof of the lemma, note that since F C S and S is 
essential, each component dF n T_ has slope s while each component of dF n T + has slope 
0(s). □ 

2.3. The proof of Theorem 12.21 We are now ready to prove Theorem l2.21 For part (a) 
let K be a non-trivial knot and let (p. q ) coprime integers. Suppose that a/b is a boundary 
slope of K. Let K Pyq be the cable knot of K. As above we will consider the complement 
M* obtained by gluing a cable space C Piq to the complement Mk■ We must show that 
there is an essential surface S in such that the total slope of S D 8Mk p is q 2 a/b. 

On the boundary component T_ = dMx p consider a pair (//, A) of meridian and canon¬ 
ical longitude whose homology classes generate Z/i(T_;Z). Let r := gcd (aq 2 ,b) and let 
x = aq 2 /r and y = b/r. Consider a simple closed curve 7 whose numerical slope is x/y. 
That is in //i(T_; Z) we have 


[ 7 ] = xn + y A. 




By Lemma 12.71 applied for s = x/y we have a slope 4>(s) on the other component T + of 
C p>q such that the following is true: There is an essential, connected, properly embedded 
surface F C C Piq , with OF intersecting both components of dC Ptq , and such that each 
component dF n T_ has slope s while each component of dF n T + has slope <j>(s). 

Since C p , q is a Seifert fibered space, up to isotopy, essential surfaces are either vertical 
or horizontal with respect to the Seifert fibration EH- Since the base space of C PiQ is an 
annulus, the only vertical surfaces in C p q are annuli. In fact, essential surfaces in cable 
spaces are classified by Gordon and Litherland in Em Lemma 3.1]. From that lemma 
and its proof, it follows that if I 7 is a vertical annulus in C p _ q , then every component of 
dF n T_ has slope pq , while every component of dF n T + has slope p/q. In particular, we 
have a/b = p/q and our hypothesis implies that for this to happen p/q must be a boundary 
slope of K. On the other hand x/y = pq which, by Lemma l2.3l is always a boundary slope 
of Mf< p q . Thus the desired conclusion holds in this case. 

Now suppose that the surface F is horizontal with respect to the Seifert fibration of 
Cp q. On T_ a regular fiber of the fibration can be identified with the knot H := K p>q . 
The only singular fiber of the fibration (that has multiplicity \q\) may be identified with 
the knot K on T+. If IV is the number of times that F intersects the regular fibers of C Ptq , 
then since the base of the fibration is an annulus we have 

0- X (F)/N = l-l/\q\. 

It follows that x(-F) = n'{l — ]</]), where N = n'q. Since the intersection number of p and 
H is 1 we conclude that on <9T_, the meridian curve p is a cross section of the fibration and 
in H\ {dMf<: p ) we have [ 7 ] = nqp + mH, where n = n!/r, m € Z and we have ( nq , m) = 1. 
On the other hand we must have H = pqp + A. Hence we obtain that each component of 

[dF] = r(nq + mq)p + rmX, thus s = x/y = (nq + mpq)/m. 

In C P)q we have a horizontal planar surface that intersects T + in a single meridian, call 
it p', and it intersects T_ in q copies of p. This surface may be taken to be the image 
of a meridian disk of a neighborhood of K in C p ^ q . By choosing appropriate orientations 
of p. p', and by the proof of Lemma 12.71 we may assume that <f>{p) = p' and that in 
Hi(C Pjq ;7j) we have p' = qm. 

In H\(T + ;Z), the fiber H corresponds to the slope p/q and each component of T + n dF 
has the form np! + mH. Thus, as also stated in m Lemma 3.1], T + n dF has total slope 
( n + mp)/{mq ). The number of components T + ndF is t = gcd (n + mp,mq). Since in Q we 
have that (n + mp)/(mq) = a/b we may take a' := a/w = n + mp/t and b' := b/w = mq/t, 
where w = gcd (a,b). Thus we may assume that 1 f>(s) = a!/b'. By assumption a/b is a 
boundary slope in Mk- Thus, Lemma [276] applies to conclude that s = q 2 a/b is a boundary 
slope in Mx vq - This finishes the proof of part (a) of Theorem 12.21 

For a non-trivial knot K, part (b) follows at once from part (a). To finish the proof of 
part (b) assume that K is the trivial knot and let (p, q) coprime integers. Now K P:q is the 
(p,q) torus knot. The only boundary slope of K is a/b = 0/1 and the boundary slopes of 
K Pt q are 0 and pq. Thus q 2 bsx U {pq} = {0 ,pq} = bsK Ptq - HI 

We close the section with the following corollary that will be useful to us in subsequent 
sections. 
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Corollary 2.8. Let Mx Ptq = Cp.q U Mk be the complement of a cable knot, where \q\ > 1. 
Let F C C Pt q be a properly embedded essential surface, that is not an annulus, and such that 
each component of dFP\T + has integral slope a. Suppose that there is a connected essential 
surface S' C Mk such that each component of dS' has slope a. Then the followings hold. 

(1) dFC\T + has \q\ components and <9FnT_ has a single component of slope q 2 a G Z. 

(2) There is a connected essential surface S C Mk p ^, such that each component of dS 
has slope q 2 a and 

X (S) = \q\ X (S , ) + \dS'\(l-\ q \)\ P -aq\, 

where IdS'l denotes the number of boundary components of S'. Furthermore, we 
have |SS| = |SS'|. 

Proof. Let F be as in the statement above. By the proof of Theorem 12.21 since F is not 
an annulus, F may be isotopied to be horizontal with respect to the Seifert fibration of 
C p _ q . Furthermore, 8FnT + has total slope (n + mp)/(mq ), while chFnTL has total slope 
(nq + mpq)/m, for some coprime integers m, n. The number of components of dF n T + is 
t = gcd(n + mp, mq ), and each has slope b/c where b = (n + mp)/t and c = mq/t. Since 
b/c G Z and gcd(m,n) = 1, it follows that m = ±1 and t = |g|. Hence n = m(qa — p), 
where we will have m = 1 or m = — 1 according to whether qa > p or qa < p. Furthermore 
n > 0, x(F) = n( 1 — |< 7 |). The rest of the claims in part (1) follow. 

Now we prove part (2): By the proof of Theorem 12.21 an essential surface S realizing 
the boundary slope q 2 a for K PtQ is as in the proof of Lemma 12.61 Since dF n T+ has \q\ 
components, S is constructed by gluing |g| copies of S' with \dS'\ copies of F. Hence we 
have 

x(S) = x(M K n S) + x(Cp,q n S) = |<?|x(S') + IdS *|\aq -p\(l- |g|). 

The last equation follows from the fact that x(C P , q D S) = |<9S ,/ |x(F) and the above 
discussion on ^(i 7 ). □ 

3. Cables of Knots with period at most two 

In this section we study the behavior of the Jones slopes of knots under the operation 
of cabling. The main result is Theorem 13.41 that relates the Jones slopes of knots of period 
at most two to the Jones slopes of their cables. We apply this theorem to prove the Strong 
Slope Conjecture for iterated cables of adequate knots and iterated torus knots and the 
Slope Conjecture for cables of all the non-alternating knots up to nine crossings that have 
period two. 

3.1. The colored Jones polynomial. To define the colored Jones polynomial, we first 
recall the definition of the Chebyshev polynomials of the second kind. For n > 0, the 
polynomial S n (x) is defined recursively as follows: 

(2) S n+2 (x) = xS n+1 (x) - S n (x), S i(x) = x, S 0 0*0 = L 

Let D be a diagram of a knot K. For an integer m > 0, let D m denote the diagram 
obtained from D by taking m parallels copies of K. This is the m-cable of D using the 
blackboard framing; if m = 1 then D 1 = D. Let {D m ) denote the Kauffman bracket of 
D m : this is a Laurent polynomial over the integers in a variable u -1 / 4 normalized so that 
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(unknot) = — (u 1 / 2 + v 1 / 2 ). Let c = c{D) = c+ + c_ denote the crossing number and 
w = w(D) = c+ — c_ denote the writhe of D. 

For n > 0, we define 

J K (n ) := ((-l)- 1 u^ 2 - 1 V 4 )-(-l)- 1 (5 n _ 1 (L>)) 

where S n -i(D) is a linear combination of blackboard cablings of D, obtained via equation 
(|2]h and the notation (S n -i(D)) means extend the Kauffman bracket linearly. That is, for 
diagrams D\ and D 2 and scalars cq and 02 , {a\D\ + 02 D 2 } = ai(D\) + 02 (D 2 ). 

For a Laurent polynomial f(v) £ C[u ±:L / 4 ], let d + [f] and d_[/] be respectively the 
maximal and minimal degree of / in u. 

Definition 3.1. A quasi-polynomial is a function 

d 

/ : N —>■ C, f(n) = J2 c i(n)n i 

i =0 

for some d € N, where Ci(n ) is a periodic function with integral period for i = 1, • • ■ ,d. If 
Cd{n ) is not identically zero, then the degree of f(n) is d. 

The period it of a quasi-polynomial f(n ) as above is the common period of Ci(n). 

Garoufalidis [9] showed that for any knot K C S 3 the degrees d + [J/f(n)] and d_[J^(n)] 
are quadratic quasi-polynomials. The common period of d + [Jft-(n)] and d_[J^(n)] is called 
the period of K, denoted by n(K). 

3.2. Cables of knots of period at most 2. In this subsection we will study knots with 
period at most two. Examples of such knots include all the adequate knots and the torus 
knots. We show that, under a mild hypothesis satisfied by all the known examples, the 
property of having period at most two is preserved under cabling (Proposition 13.21) . As a 
result, if a knot K C S 3 satisfies the Slope Conjecture and ir(K) < 2, then all but at most 
two cables of K also satisfy the conjecture. 

Proposition 3.2. Let K be a knot such that for n> 0 we have 

d + [JA'(n)] = a(n)n 2 + b{n)n + d{n) 

is a quadratic quasi-polynomial of period < 2, with b(n ) < 0. 

Suppose | ^ (4a(n)}. Then for n » 0 we have 

d+[JK p , q {n)\ = A(n)n 2 + B(n)n + D(n) 

is a quadratic quasi-polynomial of period < 2, with (A(n)} C ({g 2 a(n)} U {pq/ 4}) and 
B(n ) < 0. 

Proof. Since d+[JK(n)\ is a quadratic quasi-polynomial of period < 2 , for n 0 we can 
write 


d + [J K {n)] 


a^n 2 + bon + do if n is even, 
ain 2 + b\n + d\ if n is odd. 
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Recall that K PtQ is the (p, g)-cable of a knot K, where p, q are coprime integers and \q\ > 
1. It is known that K- p - q = vK Ptq , where r K Ptq denotes K P)q with the opposite orientation, 
and that the colored Jones polynomial of a knot is independent of the orientation of the 
knot. Hence, without loss of generality, we will assume that q > 1. 

For n > 0, let S n be the set of all k such that 


\k\ < (n 


l )/2 and k £ 



if n is odd, 
if n is even. 


By |33], for n > 0 we have 

(3) J Kp Jn ) = W " 2 - x >/ 4 ]T v~^ k+1 h K (2qk + 1), 

k£S n 


where it is understood that Jr-(— m) = — Jft-(m). 

In the above formula, there is a sum. Under the assumption of the proposition, we will 
show that there is a unique term of the sum whose highest degree is strictly greater than 
those of the other terms. This implies that the highest degree of the sum is exactly equal 
to the highest degree of that unique term. 

Let 5+ = {k £ S n | k > 0} and S~ = {k £ S n \ k < — i}. For k £ <S n let 

f{k) = d + [v~ pk{ - qk+ ^ J K (2qk + 1 )]. 

Let g±(x), for i £ {0,1}, be the quadratic real polynomials defined by 

gf(x) = (-pq + 4q 2 a,i)x 2 + (-p + 4ga* ± 2 qbi)x + a* ± bi + d*. 

For k £ S n we have f(k ) = —pk(qk + 1) + d + [JK(\2qk + 1|)], which gives 

if A: £ 5+ and 2 qk + 1 is even, 

if k £ S~ and 2 qk + 1 is even, 

if A: £ <S+ and 2 qk + 1 is odd, 

if A £ S~ and 2 qk + 1 is odd. 


f(k) = 


9o ( k ) 
%{k) 

9i (k) 
.9i{k) 


Case 1. Suppose that q is even. For k £ S n , since 2 qk + 1 is odd we have 

f ( k ) = Ut(k) if k £5+, 

\ gi(k) if A £ S~. 


Subcase 1.1. Assume that p/q < 4oi. 

Since — pq + 4g 2 ai > 0, the quadratic polynomial gf ( x ) is concave up. Hence, for 
n> 0, gf (A) is maximized on 5^" at A = (n — l)/2. Similarly, ^^(A) is maximized on S T 
at A = (1 — n)/ 2 . Note that 

df ((« - l)/ 2 ) - 9i ((1 - n)/2) = (-p + 4qai)(n - 1 ) + 2bi > 0 
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for n»0, Hence f(k) is maximized on the set S n at k = (n — l)/2. Since f((n — l)/ 2 ) = 
gf ((n — l)/ 2 ), equation (|3J) then implies that 

d +[ J K v , q {n)\ = pq(n 2 - l)/4 + g+((n- l)/2) 

= q 2 ain 2 + (qb\ + (q - l)(p - 4qai)/2)n 
+ ai(q - l ) 2 - (61 + p/ 2)0 - 1 ) +di 

for n » 0. Since we assumed that q > 1, we have that H(n) = (Oi + (g —l)(p—4gai)/2 < 0, 
and the conclusion follows in this case. 

Subcase 1.2. Assume that p/q > 4ai. 

Since — pq + 4g 2 aq < 0, the quadratic polynomial g(x) is concave down and attains its 
maximum at 

(l h \ 

\2q -p + AqaiJ 

Since b\ < 0, we have xo < 0. This implies that gf (x) is a strictly decreasing function on 
[0, oo). Similarly, g±(x) is a strictly increasing function on (—oo, — ^]. 

First suppose n is even. Then k € Z + 4- In this subcase, gf (k) is maximized on 
5+ at k = i and g^{k) is maximized on S~ at k = Note that gf(^) — g\{—\) = 
(—p+4<7ai)+26i < 0. Hence f(k) is maximized on S n at k = —1/2. Since /(—^) = g± (— 3 ), 
equation Q then implies that 

d +[ J K p , q (n)\ =pq{n 2 - l)/4 + (-1/2) 

for even n 0. Similarly, for odd n>0we obtain 

d +l J K P , q (n)\ =pq{n 2 - l)/4 + 5 +(0). 

Note that B(n) = 0 in this case. 


Case 2. Suppose that q is odd. As in Case 1 we have the following. 
Subcase 2.1. Suppose that n is even. 

{ g+ 

% (k) 

If p/q < 4ao then f(k) is maximized on S n at k = (n — l)/2. Hence 

d +[ J K p , q (n)} = pq(n 2 — l)/4 + g^ ((n — l)/2) 

= q 2 a 0 n 2 + (qb 0 + (q - l)(p - 4<?a 0 )/2)n 

+ a 0 (q - l ) 2 - Oo +p/2)(q - 1) + d 0 . 

In this case we have B(n) = qbo + (q — l)(p — 4 < 7 ao )/2 < 0. 

If p/q > 4ao then f(k) is maximized on S n at k = —1/2. Hence 

d +[ J K p , q (n)\ = pq(n 2 - l)/4 + ^(—1/2). 

Note that B(n) = 0 in this case. 


if kes+, 

if k € S~. 


Subcase 2.1. Suppose that n is odd. 
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For k £ S n , we have k £ Z and 2qk + 1 is odd. Hence f(k) = 


9i(k) if k£S+, 
K gl(k) if k£S~. 
If p/q < 4ai then f(k) is maximized on S n at k = (n — l)/2. Hence 

d +[ J K p , q (n)\ = pq{n 2 - l)/4 + g+ ((n - l)/2) 


= q 2 aim 2 + (qb\ + (q - l)(p — Aqai)/2)n 
+ ai(q - l) 2 - (h + p/2)(q - 1) +d 1 . 


In this case we have B(n) = qb\ + (q — l)(p — Aqa\)/2 < 0. 

If p/q > 4ai then f(k) is maximized on S n at k = 0. Hence 

d +[ J K p , q (n )] =pq{n 2 - l)/4 + 5 +(0). 

Note that B(n) = 0 in this case. 

This completes the proof of Proposition 13.21 


□ 


Remark 3.3. (1) Proposition 13.21 generalizes [29, Lemma 2.2], [28] Lemma 2.2], [3T1 
Lemma 3.1] and [32] Lemma 3.2]. 

(2) When n(K) is greater than 2 then determining the highest degree of (n) in 
Equation ([3|) becomes harder as there might be more opportunities for cancellation between 
terms. This case will be discussed in Section [4[ 


Proposition 13.21 and Theorem 12.21 imply the following. 


Theorem 3.4. Let K be a knot such that for 0 we have 

cL + [Jk{ji)\ = a(n)n 2 + b{n)n + d(n) 

is a quadratic quasi-polynomial of period < 2, with b(n ) < 0. 

Suppose | ^ jsK■ Then for n » 0 we have 

d+[JK P:q {n)\ = A(n)n 2 + B[n)n + D(n) 

is a quadratic quasi-polynomial of period < 2, with B(n) < 0. Moreover, if jsx C bsK we 
have js Kpq C bs Kp:q ■ 

Similarly, let K be a knot such that for n » 0 we have 

d_[Jif(n)] = a*(n)n 2 + b*(n)n + d*(n) 

is a quadratic quasi-polynomial of period < 2, with b*(n ) > 0. Suppose | ^ js* K . Then for 
n S> 0 we have 

d-[J Kp , q {n)\ = A*{n)n 2 + B*(n)n + D*(n) 

is a quadratic quasi-polynomial of period < 2, with B*(n) > 0. Moreover, if js* K C bsK 
we have js* Kp q C bs Kp q . 

Proof. The first part of the theorem follows immediately by Proposition 13.21 and Theorem 
E2 To obtain the second part recall that if K* denotes the mirror image of K then Jk* (a) 
is obtained from by replacing the variable v with v -1 . Now the result will follow 

by applying Proposition 13.21 and Theorem 12.21 to K*. □ 
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Figure 1. From left to right: A crossing, the A-resolution and the the B-resolution. 





Figure 2. From left to right: An example link diagram, the graph G CT 
corresponding to state surface S a . Figure borrowed from [7]. 


3.3. Strong Slope Conjecture for iterated cables of adequate knots. Let D be a 

link diagram, and x a crossing of D. Associated to D and x are two link diagrams, each 
with one fewer crossing than D, called the A-resolution and B-resolution of the crossing. 
See Figure [TJ 

A Kauffman state a is a choice of A-resolution or B -resolution at each crossing of D. 
Corresponding to every state a is a crossing-free diagram s a : this is a collection of circles 
in the projection plane. We can encode the choices that lead to the state a in a graph 
G c , as follows. The vertices of G a are in 1 — 1 correspondence with the state circles of 
s a . Every crossing x of D corresponds to a pair of arcs that belong to circles of s a ] this 
crossing gives rise to an edge in G a whose endpoints are the state circles containing those 
arcs. 

Every Kauffman state a also gives rise to a surface S a , as follows. Each state circle of a 
bounds a disk in S' 3 . This collection of disks can be disjointly embedded in the ball below 
the projection plane. At each crossing of D, we connect the pair of neighboring disks by a 
half-twisted band to construct a surface S a C S 3 whose boundary is K. See Figure [2] for 
an example where a is the all —B state. 

Definition 3.5. A link diagram D is called A-adequate if the state graph G ^4 correspond¬ 
ing to the all-A state contains no 1-edge loops. Similarly, D is called B-adequate if the 
all-B graph G b contains no 1-edge loops. A link diagram is adequate if it is both A- and 
B-adequate. A link that admits an adequate diagram is also called adequate. 

The number of negative crossings c_ of an A-adequate knot diagram is a knot invariant. 
Similarly, the number of positive crossings c+ of a B-adequate knot diagram is a knot 
invariant. Let va (resp. vb) be the number of state circles in the all-A (resp. all-B) state 
of the knot diagram D. 

The following summarizes [2T, Lemma 5.4], [221 Proposition 2.1] and |T9j Theorem 3.1]. 
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Lemma 3.6. Let D be a diagram of a knot K. 

(1) We have 

2 d- [Jjcin)] > —C-n 2 + (c — VA)n + va~ c + . 

Equality holds for all n > 1 if D is A-adequate. Moreover, if equality holds for some n > 3 
then D is A-adequate. 

(2) We have 

2 d + [JK{n)\ < c+n 2 + ( vb - c)n + c_ — vb- 

Equality holds for alln > 1 if D is B-adequate. Moreover, if equality holds for some n > 3 
then D is B-adequate. 

The following theorem, which implies that the Slope Conjecture is true for adequate 
knots, summarizes results proved in ©El- 

Theorem 3.7. Let D be an A-adequate diagram of a knot K. Then the state surface Sa 
is essential in the knot complement Mk, and it has boundary slope — 2c_. Furthermore, 
we have 

—2c_ = lim 4 n _2 d_[Jx(ra)]. 

n—>oo 

Similarly, if D is a B-adequate diagram of a knot K, then Sb is essential in the knot 
complement Mk, and it has boundary slope —2c+. Furthermore, we have 

2 c + = lim 4re~ 2 d + [JA'(n)l. 

n—>• oo 

By Lemma [3.61 the highest degree of the colored Jones polynomial of a B-adequate knot 
is an actual quadratic polynomial in n. That is the period is one. The following lemma 
shows that the term b < 0 and thus non-trivial B-adequate knots satisfy the hypothesis of 
Proposition 13.21 

Lemma 3.8. Suppose D is a diagram of a non-trivial knot K. Then vb < c. Furthermore, 
if vb = c then K is a torus knot. 

Proof. Let D be a diagram of a non-trivial knot and let Sb be the all-B state surface 
obtained from D. Recall that Sb is a surface with a single boundary component obtained 
by starting with vb disks and attaching a half-twisted band for each crossing of D. Thus 
the Euler characteristic of Sb is x(Sb) = vb — c. Since D represents a non-trivial knot, 
we have x(Sb) < 0 and thus vb < c. 

If x('S’b) = vb — c = 0, then (since OSb has one component) Sb must be a Mobius band. 
This implies that D is the standard closed 2-braid diagram of a (2, g)-torus knot. □ 

The above discussion shows that the first part of Theorem 13.41 applies to non-trivial 
B-adequate knots. Similarly the second part of the theorem applies to non-trivial A— 
adequate knots. We are now ready to prove the following theorem that implies Theorem 
fT~4l stated in the introduction. 

Theorem 3.9. Let K be a B-adequate knot and K' := ^(jn, qi ),{p 2 , q2 ),-,{p r ,q r ) an it era ted 
cable knot of K. Then we have jsx' C bsx’- Furthermore, for u> 0, 

d + [JK'(n)] = ^4n 2 + Bn + D{n), 
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is a quadratic quasi-polynomial of period < 2, with 4 A £ Z, 2B £ Z and B < 0, and there 
is an essential surface S' in the complement of K' with boundary slope 4 A and such that 
x(S') = 2 B. In particular K' satisfies the Strong Slope Conjecture. 


Proof. Suppose K is a B-adequate knot. First, we prove that the conclusion of Theorem 
13.91 holds true for the cable knot K pi)qi . We will distinguish two cases according to whether 
K is a non-trivial knot or not. 

Case 1. Suppose that K is non-trivial. Then, by Lemmas 13.61 and 13.81 we have 

d + [JA'(n)] = an 2 + bn + d 


for n > 0, where a = c + /2, b = ( vb — c)/2 < 0 and d = (c_ — vb)/ 2. By Theorem 13.71 
4a = 2c+ is a boundary slope of K. Furthermore, an essential surface that realizes this 
boundary slope is the state surface Sb • Since Sb is constructed by joining vb disks with 
c bands we have |<9 Bb| = 1 and x{Sb) = vb — c = 2b. Thus the conclusion is true in this 
case. 

Now we consider a cable K pitqi of K. Since |gi| > 1, and the Jones slopes of K are 
integers, we have ^ jsk- Theorem 13.41 and the proof of Proposition 13.21 then imply that 

d+[JK Pl , qi (n)\ = A ^ 2 + B x n + Di(n) 

is a quadratic quasi-polynomial of period < 2, with 4^4i £ Z, 2Bi £ Z and B\ < 0. More¬ 
over, since jsx C bsK we have j^K Pu<n C . Furthermore, the proof of Proposition 

13.21 show that one of the following is true: 

(1) We have AA\ = pq and B\ = 0. 

(2) We have AA\ = 4 q 2 a and 2Bi = 2\q\b + (1 — \q\)\kaq—p\. 

In case (1), the surface S with boundary slope pq is the cabling annulus; thus x(5) = 0 = 
2B\. In case (2), an essential surface S realizing the boundary slope AA\ = 4 q 2 a = 2q 2 c + 
is obtained by Theorem 12.21 By Corollary 12.81 we have |<9Sj = |<TSb| = 1 and x(5) = 
\q\x(Sb) + (1 — M)|4a(/ — p | = 2Bi. Thus the conclusion follows for K pi/n . 

Case 2. Suppose that K is the trivial knot. Then K pi _ qi is the (p\, < 7 i)-torus knot. Note 
that 0 and p\q\ are boundary slopes of realized by a Seifert surface and an annulus 

respectively. 

For n > 0, by [25] (or by equation ([3])) we have 




(2qk+l)/2 


By m Section 4.8], [501 Lemma 1.4] and [201 Lemma 2.1], we have the following. Ifpi > 0 
and q\ > 0 then 

d +[ J K Pim {ji)} = (piqm 2 + d(n))/4 

where d(n) = —piqi — |(l + (—l) n )(pi — 2)(gi — 2) is a periodic sequence of period < 2. 
In this case we have A\{n) = piqi/A and B\{n) = 0. 

If pi < 0 < qi then 

d +[ J K Pim (n)\ = {(piqi ~Pi + qi)n~ {piqi - pi + qi))/2. 





17 


K 

jSK U js* K 

b(n) 

b*(n) 

819 

{12,0} 

0 

5/2 

821 

{1,-12} 

-1 

3/2 

942 

{6,-8} 

-1/2 

5/2 

945 

{1,-14} 

-1 

2 

946 

{2,-12} 

-1/2 

5/2 

947 

{9,-6} 

-1 

2 

948 

{11,-4} 

-3/2 

3/2 

949 

{15,0} 

-3/2 

3/2 


Table 1. The knots up to nine crossings of period two. 


In this case we have A\(ri) = 0 and B\(ri) = (piqi — pi + qi)/2. Note that p\q\ — pi + qi = 

1 + {pi + l)(?i - 1) < 0. 

In both cases we have that 

d+[ J K Pim (n)\ = Ain 2 + Bin + Di(n) 

is a quadratic quasi-polynomial of period < 2, with 4Ai € Z, 2B\ G Z and B\ < 0. 
Moreover, we have 

j S K pil qi C bSKp ll91 ■ 

For pi > 0 and gi > 0, an essential surface with slope p\q\ for K pi)Ql is the cabling 
annulus A ; thus x(Ai) = 0 = 2B\. For pi < 0 < qi, the genus of K pitqi is g = — {qi — 
l)(pi + l)/2. A Seifert surface S of minimal genus for K Jn rp has boundary slope 0 and 
x(S') = 1 — 2 g = p\qi — pi + qi = 2Bi. This proves the desired conclusion for the torus 
knot K puqi . 

We have proved that the conclusion of Theorem 13.91 holds true for the cable knot K pitqi . 
Now, applying the arguments in Case 1 repeatedly will finish the proof of the theorem for 
iterated cables. □ 

3.4. Proof of Theorem 11.41 Part (1) is immediate from Theorem 13.91 Suppose now 

that K is A-adequate. Then the mirror image K* is -B-adequate. Furthermore, Jk* (n) is 
obtained from by replacing v with u -1 . Thus in this case the result will follow by 

applying Theorem 13.91 to K*. 

3.5. Low crossing knots with period two. Theorem l3.4l applies to several non-alternating 
knots with 8 and 9 crossings. The Jones slopes of all non-alternating prime knots with up 
to nine crossings were calculated by Garoufalidis in Section 4 of |10j . According to |10| 
the knots of period two are the ones shown in Table 1. The remaining knots, which are 
820 ) 943 , 944 , have periods 3 and they will be treated in Section [4j 

Corollary 3.10. Let K be any knot of Table 1 and let K' be an iterated cable of K. Then 
K' satisfies the Slope Conjecture. 
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Proof. Due to different conventions and normalizations of the colored Jones polynomial, 
d+[JK{n)\ (resp. d_[Jx(n)]) in our paper is different from 5k{ji) (resp. d* K {n)) in j JO l. 
For n > 0 we have 

d + [J K (n)\ = 5 K (n-l) + (n-l)/2, 

d~[J K (n)} = d* K (n - 1) + (1 - n)/2. 

Consider the non-alternating knot K = 819 . By m Section 4] we have 

d + [J K (n)] = 3n 2 — (13 + (—l) n )/4, 
d-[JK{n)\ = 5(n — 1 )/2. 

Moreover, jsx = {12} C bsx and js* K = {0} C bsx■ In particular, the Jones slopes are 
integers and we have b(n ) < 0 and b*(n ) > 0. Similar analysis applies to the knots of 
Table 1. 

Now given a cable K p ^ q of K, since \q\ > 1, p/q is not a Jones slope of K. Theorem 
13.41 implies that jsK p , q C bsK Piq and that 3 s *K p , q C bsK p ^- In particular, K p ^ q satisfies the 
Slope Conjecture. Applying this argument repeatedly we obtain the result for iterated 
cables. □ 


4. Cabling knots with constant a(n) 

In Section 3 we studied the behavior of d + [J/^(n)] under knot cabling for knots of 
period at most two. In this section we study knots with period greater than two under 
the additional hypothesis that, for n>0we have a(n) = a, where a is a constant. In this 
case, by abusing the terminology, we will say that a(n) is constant. The main result in 
this section is the following. 

Theorem 4.1. Let K be a knot such that for n 3> 0 we have 

d + [JK{n )] = cm 2 + 6(n)n + d{n) 

where a is a constant, b(n ) and d(n ) are periodic functions with b(n ) < 0. Let 
M\ = max{|6(«) — b(j)\ '.i = j (mod 2)}, 

M 2 = max{26(i) + \b{i) — b(j)\ + \d(i) — d(j)\ :i = j (mod 2)}. 

Suppose p — (4 a — M\)q <0 or p— (4a + M\)q > max{0, M 2 }. Then for n>0 w have 

d + [JK P:q {n)\ = An 2 + B(n)n + D(n ) 

where A is a constant, and B{n),D(n) are periodic functions with B{n) < 0. Moreover, 
if JSk C bs K then js Kpiq C bs Kp , q - 

As a corollary of Theorem 14.11 and Theorem 12.21 we obtain the following result which 
implies, in particular, that for knots with constant a(n) the Slope Conjecture is closed 
under cabling for infinitely many pairs ( p , q). 

Corollary 4.2. Let K be a knot such that for n>0 k have 

d + [Jx(n )] = an 2 + b(n)n + d{n) 
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where a is a constant, b(n ) and d(n ) are periodic functions with b{n) < 0. Let Mi, M 2 he 
as in the statement of Theorem \f.l\ If K satisfies the Slope Conjecture, then K p>q satisfies 
the conjecture provided that p — (4a — M\)q <0 or p — (4a + M\)q > max{0, M 2 }. 


Example 4.3. As an illustration we apply Theorem 14.11 and Corollary 14.21 to the knots 
82 O) 943 5 944 . By m Section 4], these are the only knots, with at most nine crossings, 
that have Jones period larger than 2. Indeed, the period of these knots is 3. Another 
application of Theorem 14.11 will be illustrated in Example 16.31 
For K = 820 we have 


d + [J K (ri)] = 


2n 2 /3 — n/2 — 1/6 if n ^ 0 (mod 3) 
2n 2 /3 - 5n/6 - 1/2 if n = 0 (mod 3). 


Hence K P)q satisfies the Slope Conjecture if p — < 0 or p — 2q > 0. 

For K = 943 we have 

d + [J K (n)\ = 


8n 2 /3 — n/2 — 13/6 if n ^ 0 (mod 3) 
8n 2 /3 - 5n/6 - 7/2 if n = 0 (mod 3). 


Hence K Pjq satisfies the Slope Conjecture if p — ^q < 0 or p — llg > |. 


For K = 944 we have 

d+[JK(n)\ = 


7n 2 /6 —n —1/6 if re ^ 0 (mod 3) 
7n 2 /6 — 4n/3 — 1/2 if n = 0 (mod 3). 


Hence K p q satisfies the Slope Conjecture if p — ¥-q < 0 or p — 5q > 0. 


Theorem EH follows from Theorem [T21 and the following proposition. 


Proposition 4.4. Let K be a knot such that for n 3> 0 we have 

d + [JK(n)] = an 2 + b(n)n + d{n) 

where a is a constant, b(n ) and d(n ) are periodic functions with b(n ) < 0. Let 
Mi = max{|6(i) — b(j)\ : i = j (mod 2)}, 

M 2 = max{26(z) + \b(i) — b(j)\ + \d(i) — d(j)\ : i = j (mod 2)}. 

Suppose p — (4a — M\)q <0 or p— (4a + M\)q > max{0, M 2 }. Then for n 0 we have 

d + [JK Ptq {n)\ = An 2 + B{n)n + D(n ) 

where A is a constant with A £ {q 2 a,pq/ 4}, and B(n),D(n ) are periodic functions with 
B(n ) < 0. 

Proof. Fix n> 0. Recall the cabling formula ([3]) of the colored Jones polynomial 
J Kpq {n) = Y, v~ pk{qk+1) J K (2qk + 1). 

k(E.Sn 

In the above formula, there is a sum. As in the proof of Proposition 13.21 we will show that, 
under the assumption of the proposition, there is a unique term of the sum whose highest 
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degree is strictly greater than those of the other terms. This implies that the highest 
degree of the sum is exactly equal to the highest degree of that unique term. 

For k G S n let 

}{k) := d + [v~ pk ( qk+1) J K {2qk + 1)] = -pk(qk + 1) + d + [J K (\2qk + 1|)]. 

The goal is to show that f(k) attains its maximum on S n at a unique k. 

Since d + [J^(n)] is a quadratic quasi-polynomial, f(k) is a piece-wise quadratic poly¬ 
nomial. The above goal will be achieved in 2 steps. In the first step we show that f(k) 
attains its maximum on each piece at a unique k. Then in the second step we show that 
the maximums of f(k ) on all the pieces are distinct. 

Step 1. Let 7r be the period of d + [Jft-(n)]. For e G {±1} and 0 < i < n, let h\(x ) be 
the quadratic real polynomial defined by 

hf(x) := (—pq + 4 q 2 a)x 2 + (—p + 4 qa + 2qb{i)e)x + a + b(i)e + d(i). 

For each k G S n , we have f{k) = h £ I(k) for a unique pair (£&,**,). Let 

In ■— {(^fcj^fc) | k G 


Then f(k) is a piece-wise quadratic polynomial of exactly \I n \ pieces, each of which is 
associated with a unique pair (e,i) in I n . 

For each (e,i) G I n , let 


&n,£,i •— {k G S n | (ffc, 4) — (^!^)} 


which is the set of all k on the piece associated with (s,i). 

The quadratic polynomial h £ (x) is concave up if p — 4 qa < 0, and concave down if 
p — Aqa > 0. Hence, for n»0, hf(k) is maximized on the set <S n ,e,i at a unique k = k njEj i, 
where 


k 


n,e,i 


max<S n>£) j if (p - Aqa)e < 0, 
min if (p — 4 qa)e > 0. 


Note that, as in the proof of Proposition 13.21 we use the assumption that b(i) < 0 when 
(p — 4 qa)e > 0. Moreover we have 


\k n ,e,i\ —> oo as n —> oo, 

TTj 


if p — Aqa < 0 
if p — Aqa > 0. 


Step 2. Let 

From step 1 we have Max n 


Max n := max{/(fc) | k G <S„}. 
ma x{hf(k n!£> i) | (s,i) G I n }. We claim that 


(k n ,£i,ii) kj^{k n)£2) i 2 ) 

for (ei,*i) / (£2,*2)- 

Indeed, let k\ := fen,ei,n and k 2 := ^n,£ 2 ,* 2 - Note that k\ / k 2 - Moreover, k\ and k 2 
are both in Z or ^ + Z. As a result we have k\ ± k 2 G Z, and i\ — i 2 = 2q(k\ — A 2 ) = 0 
(mod 2). Let 


cr ■= h £ I{k\) - h £ *(k 2 ). 
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Without loss of generality, we can assume that |&i| > |/c 2 1 - Then we write a = a' + 
d(i\) — d(i 2 ) where 


a 


/ 


(h - k 2 ) ({-p + 4 qa) (q(ki + k 2 ) + l) + 2qb{i 1 )e^j 

+ (6(n) - b(i 2 ))£i(2qk 2 + 1) if £i = s 2 , 

(i~P + 4qa)(ki - k 2 ) + 2b(i 1 )e 1 'j (qfa + k 2 ) + l) 

- (b(h) - b(i 2 ))£i(2qk 2 + 1) if £i ± £ 2 . 


We consider the following 2 cases. 

Case 1: Suppose that p — (4a — M\)q < 0. In particular, we have p — 4 qa < 0. There 
are 2 subcases. 

Subcase 1.1: We have £\ = £ 2 . Since k\ and k 2 have the same sign, we have 
\q(h + k 2 ) + 1| - |2 qk 2 + 1| = 2q(\ki\ - \k 2 \) > 0. 


Hence 

W\ > |(-p + 4qa)(q(ki + k 2 ) + l) + 2qb(ii)ei\ - |(6(*i) - b(i 2 )) (q(ki + k 2 ) + l) | 

> (-p + 4qa- | b(h) - b(i 2 ) |) \q(k i + k 2 ) + 1| + 2qb(i 1 ). 

Since \q(k± + k 2 ) + 1| —> oo as n —> oo, and 

— p + 4ga — |6(ii) — b{i 2 )\ > —p + 4 qa — M\ > 0 
we get led| —> oo as n —> oo. 

Subcase 1.2: We have £\ ^ £ 2 . Since k\ and k 2 have opposite signs, we have 
(q\h - k 2 1 + 1) - |2g-A; 2 + 1| > 2q(\ki\ - \k 2 \) > 0. 

Hence 

\<?'\ > \{-p + 4qa)(ki - k 2 ) + 26(H)ei| - \b(h) - b(i 2 )\(q\h - k 2 \ + 1) 

> ( - p + 4ga - q\b(ii) - b(i 2 ) |) \ki - k 2 \ - \b(h) - b(i 2 )\ + 2b(i l ). 

Since \k\ — k 2 \ —> oo as n —> oo, and 

—p + 4ga - q\b(ii) - b(i 2 )\ > —p + 4ga - qM\ > 0, 
we get led| —> oo as n —> oo. 

Case 2: Suppose that p — (4 a + M\)q > max{0, M 2 }. There are 2 subcases. 

Subcase 2.1: We have £\ = £ 2 . Note that q(k\ + k 2 ) + 1 and £\ have the same sign. 
Moreover, both —p + 4qa and 2qb(i\) are non-positive. As in subcase 1.1 we have 

W\ > \(~P + 4qa)(q(ki + k 2 ) + l) +2qb(i 1 )e 1 \ - |(&(*i) -b(i 2 ))(q(k 1 + k 2 ) + l) | 

= (p - 4 qa - \b(h) - b(i 2 )|) \q(h + k 2 ) + 1| - 2qb(h). 

Since p — 4qa — \b(ii) — b(i 2 )\ > p — 4 qa — M\ > max{0, M 2 }, we get 

W | > M 2 - 2qb(i l ) > \d(ii) - d(i 2 )\. 
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Subcase 2.2: We have £y 7 ^ e 2 . Note that k\ — k 2 and £\ have the same sign. Moreover, 
both — p + 4 qa and 2qb(iy) are non-positive. As in subcase 1.2 we have 

W\ > \(~P + 4qa)(k 1 - k 2 ) + 26(*i)ei| - \b(iy) - b(i 2 )\ (q\h - k 2 \ + 1) 

= (p- 4 qa - q\b(iy) - b(i 2 )\)\ky - k 2 \ - |6(*i) - b(i 2 )\ - 2 b{iy). 

Since p — 4 qa — q\b(iy) — b(i 2 )\ > p — 4 qa — qM\ > max{0, M 2 }, we get 
W\ > M 2 - \b(iy) - b(i 2 )| - 2b(iy) > \d(ii) - d(i 2 )\. 

In all cases, for n S> 0 we have \a'\ > \d(i±) — d{i 2 )\. Hence 

(T = o' + d(iy) - d(i 2 ) / 0. 

We have proved that f(k) attains its maximum on S n at a unique k. More precisely, there 
exists a unique (e n , i n ) G In such that hf (k n ,c n ,i n ) = Max n . 

Equation ([3]) then implies that 

d +l J K P , q (n)} = pq{n 2 - l)/4 + h\ n {k n ^ njin ). 

If p — 4 qa < 0 then k ritEn ^ ri = e n (n/ 2 + s n ), where s n is a periodic sequence and 
s n < —1/2. We have 

d+[JK p , q (n)\ = q 2 an 2 + ((-p + 4qa)(qs n + e n /2) + qb{i n ))n -pq/4 

+ (-p + 4 qa)s n (qs n + e n ) + 2 qb(i n )s n + a + b{i n )e n + d{i n ). 

In this case we have 


B(n) = (-p + 4 qa)(qs n + e n /2) + qb(i n ) < 0, 

since qs n + e n /2 < — q/2 + 1/2 < 0 and b(i n ) < 0. 

If p — 4 qa > 0 then fc n ,£ n ,j„ = s n , where s n is a periodic function. We have 

d +[ J K Piq {n)\ = pq{n 2 - l)/4 + (-p + 4qa)s n {qs n + 1) + 2qb(i n )£ n s n 
-(-n -{- b(i n )E n -)- 

In this case we have B(n ) = 0. 

This completes the proof of Proposition 14.41 □ 


5. Conjectures 

Recall that for every knot K c S 3 , there is an integer Nk > 0 and periodic functions 
ax (ji ), bx (n), cx (n) such that 

d + [J K (n)] = ax(n) n 2 + b K {n)n + cx{n) 

for n > Nx■ In Propositions 13.21 and ITTl we made the assumption that b(n) < 0. Then 
we concluded that, under the appropriate hypotheses, this property is preserved under 
cabling. As we will discuss below, the property that b(n) < 0 is known to hold for all 
non-trivial knots, of any period, for which bx{n) has been calculated. 

We propose the following conjecture. 
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Conjecture 5.1. For every non-trivial knot K C S 3 , we have 

bK{n) < 0. 

Moreover, ifbx(n) = 0 then K is a composite knot or a cable knot or a torus knot. 

Note that bjj(n ) = 1/2 for the trivial knot U. 

Remark 5.2. It is known that a knot K is composite or cable or a torus knot if and only 
if its complement Mk contains embedded essential annuli m Lemma V. 1.3.4]. Thus the 
last part of Conjecture 15.11 can alternatively be stated as follows: If = 0, then Mk 

contains an embedded essential annulus. 

By Theorem 13.91 for R-adequate knots and their iterated cables we have bx{n) < 0. 
Moreover, if K is a R-adequate knot and 2b = vb — c = 0, then by Lemma 13.81 K is a 
torus knot. Thus Conjecture 15.II holds for R-adequate knots and their cables. Notice that, 
as shown in the proof of Theorem 13.91 the case bx(n) = 0 occurs quite often for cables of 
R-adequate knots. Conjecture 15.11 holds for the knots of Table 1. In the next section we 
will check that Conjecture 15.II holds true for 2-fusion knots. Thus the conjecture holds for 
all the classes of knots for which d + [Jx{n)\ and d-[Jx(n)\ have been calculated to date. 

We now turn our attention to the Strong Slope Conjecture (Conjecture 11.61) stated in 
the Introduction. By Theorem 13.91 Conjecture II.61 is true for iterated cables of R-adequate 
knots (and in particular iterated torus knots). Furthermore, the arguments in the proofs 
of Corollary 12.81 and Theorem 13.91 generalize easily to show that, under the hypothesis 
of Proposition 13.21 or Proposition 14.41 the Strong Slope Conjecture is closed under knot 
cabling. For instance we have the following: 

Corollary 5.3. Let K be a knot such that for n 0 we have d + [Jx{n)\ is a quadratic 
quasi-polynomial of period < 2. Suppose p/q is not a Jones slope of K. Then if K satisfies 
Conjecture 11.61 so does K p / q . 

Remark 5.4. Similar ones to Conjectures 15. ll and ll.Gl ean also be formulated for the lowest 
degree of the colored Jones polynomial by noting that Jx(n,v) = Jx*(n, u” 1 ), where K* 
is the mirror image of K. To illustrate this point we discuss the example of the knot 949 . 
This knot has genus two and is not R-adequate since the leading coefficient of its colored 
Jones polynomial is 2 [10] and not ±1. By Table 1, js* K = {0} and 2 b* K (n) = 3. A genus 
two Seifert surface S, has boundary slope 0 = a* K (n ) and x(S') = —3 = —2 b* K (n). Thus 
Conjectures 15.11 and 11.61 hold for the mirror image 9| g . We also mention that the same is 
true for 949 since it is known to be A-adequate. 

Next we discuss more families of knots, not covered by Theorem 13.91 for which the above 
conjectures are true. 

5.1. Non-alternating Montesinos knots up to nine crossings. Table 2 summarizes 
the relevant information about these knots. The Jones slopes and the sets of cluster 
points {2 bx(n)}', {2 b* K (n)}' were obtained from Garoufalidis’ paper [TO] . The correspond¬ 
ing boundary slopes together with the values x(R) and |<9Sj were obtained using Dunfield’s 
program for calculating boundary slopes of Montesinos knots [2]. In all cases, Conjectures 
15. ll and ll.Gl are easily verified for the knots and their mirror images. Note that, for example, 
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K 

JSK 

JXK 

x(S) 

\9S\ 

3 s *k 

jx* K (n) 

x(s*) 

\dS*\ 

819 

{ 12 } 

{ 0 } 

0 

2 

{ 0 } 

{5} 

-5 

1 

820 

{8/3} 

{-1, -5/3} 

-3 

1 

{- 10 } 

{4} 

-4 

1 

821 

{ 1 } 

{- 2 } 

-4 

2 

{- 12 } 

{3} 

-3 

1 

942 

{ 6 } 

{- 1 } 

-2 

2 

{- 8 } 

{5} 

-5 

1 

943 

{32/3} 

{-1, -5/3} 

-3 

1 

{-4} 

{5} 

-5 

1 

944 

{14/3} 

CO 

OO 

1 

CN 

-6 

1 

{- 10 } 

{4} 

-4 

1 

945 

{ 1 } 

{- 2 } 

-4 

2 

{-14} 

{4} 

-4 

1 

946 

{ 2 } 

{- 1 } 

-2 

2 

{- 12 } 

{5} 

-5 

1 

948 

{ 11 } 

{-3} 

-6 

2 

{-4} 

{3} 

-3 

1 


Table 2. Non-alternating Montesinos knots np to nine crossings. 


for 944 we have a/b = 14/3 £ jsx, {2&x(n)} / = {—2, —8/3}, and = -£■ = — 2 as pre¬ 
dicted by Conjecture 11.61 However, this assertion alone doesn’t guarantee that bx{n) < 0. 
Thus, in general, Conjecture 11.61 does not imply Conjecture 15.11 

Corollary 5.5. Suppose that K £ { 849 , 821 , 942 , 945 , 946 , 948 , 949 } and let K' be an iterated 
cable of K. Then, Coniectures \5.1\ and \1.6\ hold true for K'. 

Proof. We first note that d+[JK(ri)\ = an 2 + bn + d(n) is a quadratic quasi-polynomial of 
period < 2, with 4a £ Z, 26 £ Z and b < 0. Suppose K p . q is cable of K. Theorem 13.41 and 
the proof of Proposition 13.21 then imply that 

d +[ J K p , q (n)\ = An 2 + Bn + D(n) 

is a quadratic quasi-polynomial of period < 2, with 4 A £ Z, 2 B £ Z and B < 0. Moreover, 
the proof of Proposition 13.21 shows that one of the following is true: 

(1) We have 4 A = pq and B = 0. 

(2) We have 4 A = 4q 2 a and 2 B = 2\q\b + (1 — \q\)\4aq — p\. 

In case (1), a surface S with boundary slope pq is the cabling annulus; thus x(S') = 0 = 2 B 
and Conjectures 15.11 and 11.61 are satisfied. In case (2), let S be a surface that satisfies 
Conjecture 11.61 for K. We view Mx P:q as the union of Mk and a cable space C P:q . An 
essential surface S' realizing the boundary slope 4 A = 4q 2 a for K P: q is obtained by Theorem 
[2721 This surface is constructed as in the proof of Lemma 12.61 By Corollary 12.81 we see 
that |<9S'| = \dS\, IS'DT+I = \q\ |0S| and 

x(S') = x( M K n S') + x(Cp, q n S') = |g|y(5) + \dS\ \4aq — p\(l - |<?|). 

By assumption, x(5') = |<95|(2&). Combining the last two equations with the formula in 
(2) above, we have 

x(S') = | 3 S| (2\q\b + (1 - \q\)\4aq-p\) = \dS’\(2B), 

which shows that S' satisfies Conjecture 11.61 

Applying the above argument repeatedly we obtain the result for iterated cables. □ 
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5.2. A family of pretzel knots. Consider the pretzel knot K p = (— 2,3,p), where p is 
an odd integer. It is known that K p is A-adequate if p > 0, and B-adequate if p < 0. 
Moreover, K p is a torus knot if p & {1,3, 5}. 

Suppose now that p > 5. Then K p is A-adequate and by above discussion Conjecture 
11.61 holds for the mirror image K*. 

By m Section 4.7] and Example 6.3 below we have 

4a Kp (n) = 2(p 2 -p-5)/(p-3) and 2b Kp (n) =-(p - h)/(p - 3). 

Since 4a^ p (n) is not an integer, in fact it is easily checked that gcd(2(p 2 — p — 5),p — 
3) = 1, K p is not B-adequate. Thus we can’t apply Theorem 13.91 Note moreover that 
gcd(p — 5,p — 3) = 2. By [T] Theorem 3.3], K p has an essential surface with boundary slope 
2(p 2 — p — 5)/(p — 3), with two boundary components, and Euler characteristic — (p — 5), 
which is equal to {jp — 3)(26# (n)). Note that for p = 5 we get = 0. The knot 

K = (2, —3,5) is known to be a torus knot, which is in agreement with Conjecture 15.11 

Suppose now that p < — 1. Then K is B-adequate. By m Section 4.7] and Example 
6.3 we have 4a{^ (n) = 2 (p + 1 ) 2 /p and 


2 b* Kp (n) 


1 if n ^ 0 (mod p) 

1 — 2/p if n = 0 (mod p). 


Again since 3a* K (n) is not an integer, K p is not A-adequate and Theorem 13.91 doesn’t 
apply to K*. According to [H Theorem 3.3], K p has an essential surface with boundary 
slope 2{p + l) 2 /p and Euler characteristic p, which is equal to p(26r- (n)) when n ^ 0 
(mod p). Thus we have: 

Corollary 5.6. For an odd integer p, the pretzel knots K p = (—2,3 ,p) and K* satisfy 
Conjectures \5.1\ and 11.61 


6. Two-fusion knots 

The family of 2-fusion knots is a two-paranreter family of closed 3-braids denoted by 


{K(mi,m2) | mi, m 2 £ ^}- 

For the precise definition and description see mm- The purpose of this section is to 
prove the following. 

Theorem 6.1. Conjecture 15. 1\ holds for 2-fusion knots. 

Note that K (mi, m 2 ) is a torus knot if m 2 € {—1,0}. In fact, K(m\, 0) = T(2,2mi + 1) 
and K(m±, —1) = T(2,2mi — 3). It is known that K(mi,m 2 ) is hyperbolic if (f {0,1}, 
^2 ^ 0} and (mi,m 2 ) f 1 (—1,1). See [TT]. Note that K(— 1,1) = T( 2,5). 
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From now on we consider m 2 {—1,0} only. For n € N and ki,k 2 £ Z such that 

0 < < n and | n — 2k\\ < n + 2&2 <n + 2k\, let 

k\ 2>k 2 

Q(n, k\, ^ 2 ) = —-— Sk\k 2 — k% — k\m\ — k\m\ — ^ 2^2 — ^2 — 6&qn 

— 3&2W + 2mi?i + 4m2n — k 2 rri 2 n — 2 n 2 + min 2 + 2 m 2 n 2 
+ ^ ((1 + 8fci + 4fc 2 + 8n) min{/i, Z 2 , ^ 3 } - 3min{Zi, I 2 , h} 2 ) 


where 


h = 2k \ +n, h = 2k\ + k 2 + n, h = k 2 + 2 n. 


6.1. The highest degree. The quantity Q(n , k\,k 2 ) is closely related to the degree 5k(ti)- 
According to m for the 2-fusion knot K = K{mi,m 2 ), with m 2 ^ {—1,0}, we have the 
following possibilities: 

Case A. Suppose that mi, m 2 > 1. Then 

S K (n) = Q(n,ki,-ki), 


where 

1 — mi + m 2 + m2n 
Cl 2(—1 + mi + m 2 ) 

and k\ is of the integers closest to ci satisfying k\ < n/2. 

Case B. Suppose that mi < 0, m 2 > 1. There are 2 subcases. 

(B-l) We have (1 + m\ + m 2 < 0) or (1 + mi + m 2 > 0 and 1 + 2mi + m 2 < 0). Then 

8k{p) = Q(n,n, 0). 

(B-2) We have 1 + mi + m 2 > 0 and 1 + 2mi + m 2 > 0. Then 

d K (n) = Q(n,ki,ki - n), 


where 

1 — mi — m 2 + (1 + m2)n 

C2 — - 

2(1 + mi + m 2 ) 

and k\ is one of the integers closest to C 2 . 

Case C. Suppose that m 2 < —2. There are 2 subcases. 
(C-l) We have mi < —3m2/2. Then 

5k{ti) = Q(n,n,n). 


(C-2) We have mi > — 3m-2/2. Let 

_ -3/2 + mi + m 2 + (1 + m 2 )n 

3 1 — 2mi — 2m>2 

and let k\ be one of the integers closest to C3. Then 


5 K (n) 


Q{n , ki, ki) if c 3 ^ \ + Z, 

Q(n, Ati, fei) - (c 3 + 1/2) if c 3 G i + Z. 
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6.2. Calculating the linear term. In this subsection we will prove the following. 
Theorem 6.2. For the 2-fusion knot K = K{mi,m 2 ), with m 2 (f {—1,0}, we have 

' 2{-l fmiTrla) */K™ 2 ) G/l U I 2l 

1 + mi if (m 1 ,m 2 ) e I 3 , 


b K {n) = < 


aa+S-mi) if (mi,m 2 ) eh, 

5/2 + mi + 3m 2 if (mi, m 2 ) e h, 

(-5+2m.i)(l+m 2 ) / \ t . -l + (l+m 2 )(n-l) A J 

2(-l+2mi+2m 2 ) V V m l) m 2) & -<6 ana _ 1+2mi+ 2m 2 7=^’ 


(-3+2mi)(l+m 2 ) -r / \ p J J -±-ryi-r-m 2n -/ t -i; ^ 

2(-l+2mi+2m 2 ) v t J 6 -l+ 2 mi+2m 2 ^ 

In particular we have 6 #(n) < 0. Moreover 6 &-(n) = 0 if and only if m\ e {0,1} and 
m 2 > 1 , or (mi,m 2 ) = (- 1 , 1 ). 

Proof. As in the previous subsection, there are 3 cases. 

Case A. m\,m 2 > 1. Recall that 

1 — mi + m 2 + m 2 n 

Ci = —- -— 

2(—1 + mi + m 2 ) 

and fci is one of the integers closest to ci satisfying k\ < §• We have 

<5ft-(n) = < 3 ( n > ki, ~k\) = (1 - mi — m 2 )k\ + (1 - mi + m 2 + m 2 n)k\ 

2 n n 77,2 

+ 2m±n + 4m 2 n + min + 2m 2 n + — + —. 


— l+(l+m 2 )(n—1) 


\r n \ < 1/2 if mi > 2 , 

r n e {- 1 / 2 ,- 1 } if mi = 1 . 


Write k\ = c\ + r n where r n is a periodic sequence with 
We have 

5 K (n) = Q(n,ci + r n , -ci - r n ) = Q(n,ci, -c\) + (1 - mi - m 2 )r 2 

and 

2 2 n n 2 (1 — mi + m 2 + m 2 n ) 2 

Ct/(n, ci, —ci) = 2min + 4m 2 n + min + 2m 2 n + - + —- 77 --r- 

2 2 4(1 — mi — m 2 ) 


1 


mn 


= |„ si+ 2m 2 + - + - i+mi+m2) 


n 


1 m 2 (l-mi+m 2 )\ (l-mi + m 2 ) 2 

+ 2mi + 4m 2 H- 1 - ; - n- - - 

2 2(—1 + mi + m 2 ) y 4(1 — mi — m 2 ) 


Since d + [./ft-(n)] = 5k(ti — 1) + (n — l )/2 we obtain 


1 


9 

m 2 


d+ [* ( " )1 = ( “1 + 2 ™2 + 2 + 4 f-l + m, + m 2 ) 

. 1 (1 — mi ) 2 

— mi + 2 m 2 H- 7 -- 

2 4(—1 + mi + m 2 ) 


n 2 + 


m 2 (l — mi) 


2(—1 + mi + m 2 ) 
+ (1 - mi - m 2 )r 2 _ 1 


n 
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Case B. mi < 0, m 2 > 1. There are 2 subcases. 

(B-l) (1 + mi + m 2 < 0) or (1 + mi + m 2 > 0 and 1 + 2mj + m 2 < 0). Then 


Hence 


Sxin) = Q(n, n, 0) = Q + 2m 2 ^ n 2 + Q 


+ mi + 4m2 


n. 


d+[Jx(n)] = Q + 2m 2 ^ n 2 + (1 + mi)n - ^ + mi + 2m 2 
(B-2) 1 + mi + m 2 > 0 and 1 + 2mi + m 2 > 0. Recall that 


C 2 = 


1 - mi - m 2 + (1 + m 2 ) 


2(1 + mi + m 2 ) 

and k\ is one of the integers closest to c 2 . We have 

= Q(n,ki, k\ - n) = (-1 - mi - m 2 )A: 2 + (1 — mi - m 2 + (1 + m 2 )n)/ci 

2 o n n2 

+ 2m\n + brri 2 n + m\n + 2 m 2 n + — + —. 

Write k± = C 2 + r n where r n is a periodic sequence with \r n \ < 1/2. As in Case A we have 
fe(n) = Q(n,C 2 ,C 2 — n) + (-1 — mi - m 2 )r 2 

and 

2 2 n n2 (1 — mi — m 2 + (1 + m, 2 )n ) 2 

Q{n,c 2 ,C 2 - n) = 2m\n + hrri 2 n + m\n +2 m 2 n +- + —- 1 - 

2 2 4(-l - mi - m 2 ) 

'3 3mi 9m2 m? \ 9 

- + — T~ + — T~ + 77 ;- 1 -r n 2 

4 4 4(1 + mi + m 2 ) / 


+ 1 + 2 mi + 


9m2 


Hence 


mi \ (1 —mi—m 2) 2 

- 1 Tl — - 

1 + mi + m 2 J 4(—1 — mi — m 2 ) 


, r T / m /3 3mi 9m 2 

<*+[*( ")1 = (j + Y + Y + 


mT 


2 mi(m 2 - 1) 


+ ----- ft 

2(1 + mi + m 2 ) 

-1 - mi - m 2 )r- 2 . 


/3 3mi 9m2 _ (m 2 - l) 2 \ , 

\4 4 4 4(1 + mi + m 2 ) / 


Case C. m 2 < —2. There are 2 subcases. 

(C-l) mi < —3m 2 /2. Then 

bhdji) = Q(n, n, n) = (2 + mi + 3 m 2 )n. 

Hence 

d + [JA'(n)] = (5/2 + mi + 3m 2 )(n - 1). 
(C-2) mi > —3m 2 /2. Recall that 

-3/2 + mi + m 2 + (1 + m 2 )n 


C3 = 


1 — 2 mi — 2 m 2 
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and let k\ be one of the integers closest to C 3 . We have 

5 K {n) = 

and 


Q(n, ki, k\) if c 3 </ \ + Z 

Q(n, fci, /ci) — (c 3 + 1/2) if c 3 € ^ + Z 


Q(n, = (1/2 — mi — m 2 ) - (-3/2 + mi + m 2 + (1 + m 2 )n) fci 

2 2 n n2 

+ 2m\n + 4m 2 n + min + 2m 2 n + — + —. 

Write fei = c 3 + r n where r n is a periodic sequence with \r n \ < 1/2. As in Case A we 
have 

Q(n,ki,h) = Q(n, c 3 , c 3 ) + (1/2 - mi - m 2 )r 2 


and 


Q(n,c 3 ,c 3 ) = 2min + 4m 2 n + min 2 + 2m 2 m H- 1 - 


2 n n 2 (—3/2 + mi + m 2 + (1 + m 2 )n)^ 


(2mi + 3 m 2 ) 2 
2(—1 + 2 mi + 2 m 2 ) 
(-3/2 + mi + m 2) 2 
4(1/2 — mi — m 2 ) 


, 1 9m,9 

n + - + 2 mi + —- + 


4(1/2 — mi — m 2 ) 
—3 + 2mi 


2(—1 + 2mi + 2 m 2 ) 


n 


Hence 

d + [J A '(n)] = 


(2mi + 3m 2 ) 2 2 


(-5+ 2mi )(l+m 2 ) -l+(l+m 2 )(n-l) ^ ry 

2f —l-t-2mi +2m,) 11 -l+2mi+2m. 2 ^ 


2(—1 + 2 mi + 2 m 2 ) 


n + 


2(—l+2mi+2m 2 ) 

(~3+2mi)(l+m 2 ) -l+(l+m 2 )(n-l) ^ 

2(-l+2mi+2m 2 ) n 11 -l+2m 1 +2m 2 


/ 1 (2mi - 5 ) 2 

l 2 8 ( 2 mi + 2 m 2 - 1 ) 


+ ( 1/2 - mi - m 2 )r 2 _i. 


This completes the proof of Theorem 16.21 


□ 


6.3. Proof of Theorem 16.11 Theorem 16.21 implies that Conjecture 15.11 holds true for 2- 
fusion knots: The fact that 6 A (n) < 0 is clear by the statement of Theorem l6.21 Moreover, 
bl<(n) = 0 if and only if mi € {0,1} and m 2 > 1, or (mi,m 2 ) = (—1,1). As noted 
in m we have AT(l,m 2 ) = K*(0, —m 2 — 1). On the other hand, by definition the knot 
if(0,m 2 ) is a torus knot. Finally K(— 1,1) is the torus knot T(2,5). Thus if 6 A (n) = 0, 
and K = AT(mi,m 2 ), then K is a torus knot. □ 

Example 6.3. Consider the 2-fusion knot K(m, 1), also known as the (—2,3,2m + 3)- 
pretzel knot. It is known that K(m, 1) is H-adequate if m < —2 and is A-adequate if 
m > —1. Moreover K(m , 1) is a torus knot if |m| < 1, and K(— 2,1) is the twist knot 5 2 
which is an adequate knot. Hence we consider the two cases m > 2 and m < — 3 only. 

Note that K(m±, m 2 ) is the mirror image of K(1 — mi, —1 — m 2 )- In particular, K(m, 1) 
is the mirror image of K(1 — m, —2). 
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Case 1: m> 2. From the proof of Theorem 16.21 we have 

!)(»)] = (| + ™ + i) " 2 + (^ - 5) " - ( 3 + X 



— mr 


2 

n —1 


where r n is a periodic sequence with \r n \ < 1/2. 

Hence, by Theorem l4.ll the (p, g)-cable of K(m , 1) satisfies Coniecture lS.ll and the Slope 
Conjecture if 


1 


m 


p — 10 + 4m H-q < 0 or p — 10 + 4m H- g>—i-1. 


1 


m 


m 


1 


m 


Case 2: m < —3. From the proof of Theorem 16.21 we have 


d+[ J K (i-m- 2 )(n)] = - ^2^+1 n2 + b ^ n + ( 6m + 17 ' ) / 8 + ( m + 3 / 2 ) r n-1 


J — 2 if (2m + 3) f n, 

where r n is a periodic sequence with \r n \ < 1/2, and 6(n) = < 

\- 2 ^S) if (2m+ 3) | n. 

Hence, by Theorem 14. 11 the (p, g)-cable of K( 1 — m, —2) = ( K(m , 1))* satisfies Conjec¬ 
ture 15.11 and the Slope Conjecture if 


p+ ( 10 + 4m + s T :I ),<0 or „+ (lO + 4m + 


/m 1 11 \ 

VT + 2m+ 3 + ~8 ) ' 
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